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Abstract Recently, T. Kim([5]) introduced g-Bernstein polynomials which are 
different g-Bcrnstein polynomials of Phillips g-Bernstein polynomials([ll, 12]). The 
purpose of this paper is to study some properties of several type Kim's g-Bcrnstein 
polynomials to express the p-adic g-integral of these polynomials on Z p associated 
with Carlitz's (/-Bernoulli numbers and polynomials. Finally, we also derive some 
relations on the p-adic g-integral of the products of several type Kim's g-Bernstcin 
polynomials and the powers of them on Z p . 

1. Introduction 

Let C[0, 1] denote the set of continuous functions on [0, 1]. For < q < 1 and 
/ G C[0, 1], Kim introduced the g-extension of Bernstein linear operator of order n 
for / as follows: 

n U / \ " U 

»nAm = E /(-) h n"[i - x]r k = E f(-) B u^, ?), 

it \ K / q TL 

where [x] q = \? q ; (see [5]). Here M n ^ q (f\x) is called Kim's g-Bernstein operator of 

order n for /. For k,n e Z+(= NU {0}), B k , n {x,q) = (^)[i]*[l - x]T k are called 

the Kim's g-Bernstein polynomials of degree n (see [1, 6, 11-13]). 
In [2], Carlitz defined a set of numbers = inductively by 

r i if k = i, 

[0 if k > 1, 

with the usual convention of replacing £ by These numbers are g-analogues 
of ordinary Bernoulli numbers B k , but they do not remain finite for q = 1. So he 
modified the definition as follows: 

r i if k = i, 

A,,, = 1, g(g/3 + l) fc - p k , q = \ n . £ , 1 

[0 if fc > 1, 

with the usual convention of replacing f3 k by pk,q (see [2]). These numbers /3„ i? are 
called the n-th Carlitz g-Bcrnoulli numbers. And Carlitz's g-Bernoulli polynomials 
are defined by 



p kt9 (x) = { q *f} + [x] q ) k = E ( k )M x M q 



k \ ^ ( i q „ix\ i y,-\k— i 



2000 Mathematics Subject Classification : 11B68, 11S80, 41A30. 
Key words and phrases : g-Bernstein polynomial, Bernoulli numbers and poly- 
nomials, p-adic g-integral. 

1 



2 



As q — > 1, we have f3k,q — > Bk and (3k,q(x) — > Bk{x), where Bk and Bk{x) are the 
ordinary Bernoulli numbers and polynomials, respectively. 

Let p be a fixed prime number. Throughout this paper, Z, Q, Z p , Q p and C p 
will denote the ring of rational integers, the field of rational numbers, the ring of 
p-adic integers, the field of p-adic rational numbers and the completion of algebraic 
closure of Q p , respectively. Let v p be the normalized exponential valuation of C p 
such that \p \ p = v - v v{v) = I. 

Let q be regarded as either a complex number q G C or a p-adic number q G C p . 
If q € C, we assume \q\ < 1, and if q G C p , we normally assume |1 — q\ p < 1. 

We say that / is a uniformly differcntiablc function at a point a G Z p and denote 
this property by / G UD(Z p ) if the difference quotient Ff(x,y) — ^^Z^^ has a 
limit /'(a) as (x, y) — > (a, a) (see [3-10]). 

For / G UD(Z p ), let us begin with the expression 

j±r- i x f( x )= E mN(x+p N % P ), (i) 

^ ^0<x<p N 0<x<p N 



representing a q-analogue of the Riemann sums for / (sec [8]). The integral of / on 
Z p is defined as the limit as n — )• oo of the sums (if exists). The p-adic q-integral 
on a function / G UD(Z p ) is defined by 



-l 



W) - / f(x)d» q {x) = Jim -r^- iW> (^e [8]). 

Jz p IP \q x=0 

As was shown in [6], Carlitz's g-Bernoulli numbers can be represented by p-adic 
g-integral on Z p as follows: 



[x]™dii g (x) = P m>g , formGZ+. (2) 
Also, Carlitz's ^-Bernoulli polynomials Pk,q{x) can be represented 

0m,q{x) = / [x + y]™dn g (y), formGZ+, (sec [6]). (3) 



z p 

In this paper, we consider the p-adic analogue of Kim's q-Bernstein polynomials 
on Z p and give some properties of the several type Kim's (/-Bernstein polynomials to 
represent the p-adic g-integral on Z p of these polynomials. Finally, we derive some 
relations on the p-adic g-integral of the products of several type Kim's g-Bernstcin 
polynomials and the powers of them on Z p . 

2. (J-BERNSTEIN POLYNOMIALS ASSOCIATED WITH p-ADIC (/-INTEGRAL ON Z p 



In this section, we assume that q G C p with |1 — q\ p < 1. 
From (1), (2) and (3), we note that 



. l + l 
q i+i _ i ' 



and 



(4) 



(5) 
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By (4) and (5), we get 

(-l)V / [x + x&diigfa) = I [l-a: + a;i]?d/ii(a;i). 
Ji p Jz p q q 

Therefore, we obtain the following theorem. 
Theorem 1. For neZ + , we have 

[ [1-X + X 1 ] n 1 dfxi(x 1 ) = (-I) n q n f [x + X&dligfa). 
Jz p q " Jz p 

By the definition of Carlitz's ^-Bernoulli numbers and polynomials, we get 
q 2 l3 n , q (2) - (n + l)q 2 + q = q(q/3 + 1)" - if n > 1. 

Thus, we have the following proposition. 
Proposition 2. For neN with n > 1, we have 

/3 n ,,(2) = 1-0 + n +l--. 

q 2 q 

It is easy to show that 

[l-x} n L = {l-[x] q ) n = {-l) n q n \x-l) n q . 

Q 

Hence, we have 

I [l- x}ld N (x) = (-l) n q n f [X - l} n q d N (x). 

J1„ q Jl, p 

By (3), we get 

f [l-xnd N (x) = (-l) n q n p n , q (-l). (6) 
By Theorem 1 and (6), we see that 

/ [l-x]U» q (x) = (-l) n q n n , q (-l)=l3 nt i(2). (7) 
Jz p q q 

From (7) and Proposition 2, we have 

/ [l-xYld^(x)^f3 nA (2)^q 2 ^ 1+ n+l-q. (8) 
Jz p q " " 

By (2) and (8), we obtain the following theorem. 
Theorem 3. For neN with n > 1, we have 

/ [1 - x] n idn q {x) = q 2 / {x] n idm{x) +n + l-q. 
Jz„ q Jz„ q q 
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Taking the p-adic g-integral on Z p for one Kim's q-Bcrnstcin polynomials, we 
get 

B k , n (x,q)d N (x) = Qjf [x} k q ll-x}l- k d» g (x) (9) 

n — k 

n \ v-^ / 



I) g ("7 ')(-'^ 



and, by the g-symmetric property of B k ,n{x, g), we see that 
/ B k , n (x,q)d(i q (x) = I B n _ kin (l - x,-)d/j, q (x) 

Jz p Ji v q 

k 



(10) 



fe 



For n > k + 1, by Theorem 3 and (10), we have 



B kin (x,q)dfj, q (x) (11) 

= (:) £yr i (*) [«- i + 1 - 9 +^7 Zp Nr ^ 

= (fc)E(- 1 )^(?)[»- i + 1 -«+« 3 W 

Let m,n,k G Z + with m + n > 2fc + 1. Then the p-adic g-integral for the 
multiplication of two Kim's g-Bernstein polynomials on 7L, p can be given by the 
following relation: 

/ B ktn (x,q)B k , m (x,q)diJ, q (x) (12) 

l ) f [x]f[i-x]V m - 2k d^ q {x) 

/ Jz p i 

)C)g(T)(-i)-/[i-x] r -^w. 



y v 7 (=0 

By Theorem 3 and (12), we get 



/ B kin (x,q)B k , m (x,q)dfj, q (x) (13) 

= (:) (?) £ (T) <-D ,+2 'i" »i- 
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By the simple calculation, we easily get 
/ B k ,n{x,q)B k>m {x,q)d^ q {x) 

/ [xjf [l-x]l +m - 2k d N (x) 



(14) 



n \ I m 
k)\k 



)" + E fc ( n+ T 2fc ) ( - 1) ' /3 — • 



(=0 

Continuing this process, we obtain 



k \k 



\j[B kini (x,q)j d» q (x) (15) 

Let s£N and ni, . . . , n s , fc e Z + with m + H V n s > sk + 1. By Theorem 

3 and (15), we get 



-B/w J dfj, q (x) (16) 
= (ll ( ) ) E (f ) (-^^{E ^-l + l-q + q 2 ^ [x]?+-^-% lq (x)} 

= (n (T)) e (f ) (-D sfe+ '{E ^-1+1-*+ , 2 ^ 1+ ... +ns - i ,,}. 

From the definition of binomial coefficient, we note that 

j[ |]]Bfc,n,(l,?)j^W (17) 

= (n (fc)) / Nf [i - *ir + • + -- s ^(*) 

^(n(;0)"'T"(" ,+ -^"--1<-»7j<' + ^) 
- (n©)"' + §'"("' + '^"' ,/w - 

where s £ N and m, . . . ,n s ,k £ Z+. 

By (16) and (17), we obtain the following theorem. 
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Theorem 4. (I) For seN and m, . . . ,n s ,k G N wit/i m + n-2 H hn s > sA: + 1, 

we /lave 

- (n (*)) e (? )(-D sfc+ HE^ 1 -9+^n 1+ ... + n.-«.l}. 

(77) for sgN and ni, . . . ,n s , k £ Z +7 we have 

/ ( TT -Bfc.^i (^c, <?) ) d(i q (x) 
J % P \i=i J 

=(n(:))"'T" s '(" ,+ '-'r'-i<-^- 

By Theorem 4, we obtain the following corollary. 

Corollary 5. For s € N and m, . . . ,n s , k 6 N with n\ + n 2 + • • • + n s > sk + 1, 

we /iaue 

E (f ) (-l) sfc+ '{E », - / + 1 - « + a 2 /3„ 1+ ... + „ s _ ; ,i} 
z=o ^ ' i=l 

mH h« s — sfe / ,\ 

- E ( ni + ""t n '" a *)(-DW fl . 

Let s € N and mi, ... , m s , ni, . . . , n s , k 6 Z + with mini + • • • + > (mi + 

• • • + m s )fc + 1. Then we have 

nw^)W(s) (is) 



l p \i=l 



X 



= fn (:)"') l E m 'C E r ra, )(-')*^-'- 



x^Vm^-Z + lJ-o + o 2 / [x]p= inimi 'dpi (a;)} 

n(:) ) e ( tE « m ')(-D'^.» 

s 

x{(E TOini - / + l) - g + « 2 0„ imi + n .m.-i,i}- 

i=l 



, mi— I 
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From the definition of binomial coefficient, we have 



I (U B ZS x ^?j d N (x) (19) 



x / [x] q mi+ - +m ^ k+l d f i q (x) 

Ei=i nimi — k Ei=i m 



x (— l)'/3( mi _| — |_ ms )fe + ( j9 . 
By (18) and (19), we obtain the following theorem. 

Theorem 6. For s G N and mi, . . . , m s , m, . . . , n s , fc G Z + wii/i mini + • ■ • + 
77T. S 7T. S > (mi + • • • + m s )k + 1, we have 

( fc ^=i ^y^Um^^m^ -l + i)- q + q ^ nimi+nsms _^} 

1=0 



I 

-fc' 

V I 2^i=i'H'iH- k 2^i=i"H\, u i R 

/ , I / ) V _i J P(mi + -+m a )fe+J,?- 



2=0 
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